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Abstract We present a family of kernel subspace classifiers and their extensions. There are two kinds of regularization
methods and they have a degree of freedom about a null space of the operator in the family. Regularization is important to
avoid the over-fitting problem in the machine learning theory. The applicable null space of an operator is able to suppress the
effect of the other classes. We describe the details dfeteinces of these classifiers and show experimental results.

Key words Kernel subspace classifier, class feature information compression (CLAFIC) method, relative Karhawen-Lo
transform, Marcer kernel, support vector machine (SVM), Kernel principal component analysis (KPCA), kernel sample space
projection classifier (KSP), kernel relative Karhunerélke transform (KRKLT), kernel relative principal component analysis
(KRPCA), truncated singular value decomposition (TSVD), Tikhonov regularization, reduced rank Wiener filter

. matically if we define Marcer kernel functid:, -).
1. Introduction ) _ N
Schilkopf et al. introduced another possibility of Mercer kernel
Support vector machines have been developed since the early fafnction by solving an eigenvalue problem of a correlation matrix in
1990s and they showed very high generalization capability [1] [2]the feature space [9]. This result was applied to the kernel principal
[3]1[4]1[5]. Their achievements are supported by the principle thatcomponent analysis (KPCA) and used for non-linear representation
maximizes the minimum margin and the (Marcer) kernel methodor image restoration [10]. Kernel methods are also applied to the
In the kernel method, an input vectére RY is mapped from an  Fisher discrimination [11][12], the independent component analy-
input space to a higher or an infinite dimensional spacealled  sis (ICA)[13] or a Wiener filter [14][15][16].
the feature space or the linearization space by a non-linear mapping Subspace methods are used widely in an industrial area[17]. A
@ : RY - F. Then the classifier is constructed and an unknownclass feature information compression (CLAFIC) method is one of
input vector is classified in the feature space. Instead of calculatinthe subspace classifiers. It classifies unknown input pattern by com-
®@, a functionk(,-) : RY x RY — R which satisfies the equation paring projection norms of an unknown input vector onto Karhunen-
Loeve (KL) subspaces which are constructed by the samples of each
class[18][19].
is used. Marcer kernel function satisfies the eq. (1) [6][7][8]. Us- Yamashita et al. extended a Karhunereke transform (KLT)
ing Marcer kernel function, we can calculate an inner produgtin [20] [21] which is almost equivalent to a principal component anal-
without care of the form ofb. In other words® is defined auto-  ysis (PCA) [22] [23] to the relative KLT (RKLT) or the relative PCA

K(f1, f2) = (O(fy), D(f2)), (N



(RPCA)[24][25]. It was also applied to pattern classifier [26][27] Table 2 Notation and symbols

[28]. We call this classifier RKLT method. In RKLT method, fea- ® Non-linear mapping to the feature spate— 7~

. . . L k(- ) Mercer kernel function
tures of other classes are considered as noise against an objective

. oL . dk()) Discriminant function of clask
class. Under this optimization problem, an optimal subspace for the .
o ) ) o ) A Adjoint operator ofA
classification is obtained. We describe details in Section 4. A Moore-Penrose generalized inverseAof
On the other hand, Tsuda and Maeda et al. applied kernel method 9 inner product
to CLAFIC method using results of Sgtkopf et al. [29] [30][31] a®b Neumann-Shatten product ¢ b)c = c(b, a)
[32]. We call this method KPCA. KPCA shows much higher ac- o i-th natural basis &); :{ 0 (# J.)
curacy rate than CLAFIC method. Furthermore its computational 1 (=1
complexity in the multi-class classification problem is lower than B(S1,S7)  Setof bounded linear operator frdj to S
L L . Qi Set of samples of class
SVM. We describe it in detail in Section 6. 1. )
o i ) fA n-th sample of);
Hikida et al. and Washizawa et al. integrated KPCA and RKLT, il Number of samples i€;
and proposed kernel relative KLT (KRKLT) or kernel relative PCA ¥, Set of samples should be suppressed except iclass
(KRPCA) [33][34][35]. Washizawa at al. also proposed a ker- d, n-th sample of;
nel based pattern classification method called kernel sample space [Pil Number of samples i;
Qi i B ¢ i " i
projection (KSP) method [36][37]. An operator of KSP is an or- Si Si= I o(f)) 0§ € BR,F), ¢ e R
o . : - — yIYil Ve il ' 1%l
thogonal projection operator onto the kernel sample space which Ti Ti= Zl‘glll O(gp e e B(\]§| F), g ER
. - i | B i | B
is spanned by samples mapped to high dimensional feature space Ui Ui = 25 @) © 8 + 2 ©(0) @ 8aipk
. . Ks; Kernel Gram matrix of class Kg; = S/'S;
. They also introduced some regularization to KSP. KPCA can .
Ky, Kernel Gram matrix of all classé&y; = U;"U;
be interpreted as the regularized version of KSP by truncated singu- f Unknown input vector
X
lar value decomposition (TSVD). Furthermore they extended KSP  g(a) A(A) Range and null space éfrespectively
to suppressed KSP (SKSP) whose operator which extracts the fea- Pr(a) Orthogonal projection operator oniR{A)
ture of a class is an oblique projection along to the kernel sample Ifil I2 norm|[f]l = Xf, f)

o _ AT
space of the other classes onto kernel sample space of the objective ~ [Alluo  Operator nomiAllub = SUPx 0

class[38][39]. KRPCA can be also interpreted as the regularized IAlF Frobenius normAllz = VIr(A*A)

. . . | identity matrix, identity operator
version of SKSP. We summarize these methods in Table 1. y yop

Table 1 Summary of Kernel Subspace Methods

y(fy) = argmaxd(fy). 2)
Input space Feature space keX
Regularization TSVD TSVD | Tikhonov Then the objective is to obtain applicable functiahéfy) (k =

Orthogonal Projection | CLAFIC | KPCA KSP 1,...,n) that extract the intrinsic feature of classes. In some cases,
Non-orthogonal transform  RKLT | KRKLT | SKSP argmax in the eq. (2) is replaced by argmin. Then we can express

with argmax by adding a negative sign. The simple example of the

In Section 8., we show some experimental results of kernel subdiscriminant function igk(fx) = -/ f« — fll, wherefy is a prototype
space methods. of classk.

Table 2 denotes notations and symbols used in this paper. ExceptNote that this kind of discriminant functionférs from it of bi-
as otherwise noted, capital alphabets denote matrices and operatdigly classifiers such as SVM or Fisher discriminant. In those cases,
lower-case alphabets denote vectors and functions, and Greek & sign denotes the class.
phabet characters denote scalars. 3. CLAFIC method

2. Pattern recognition and discriminant function

Let{f], fi.... f\im} € Q; be a set of samples of class

The objective of pattern recognition is to classify unknown in- pefinition 2 (CLAFIC[18][17]). The discriminant function of
put patternf, € RY correctly, i.e, obtain applicable functiorify) ¢ AFIC method is defined as
maps from input spack¢ to a set of class (or category) labels. Let
d(fx) = “Pkfx”2 3)

P = argmin " |If - X | @)

X;rank(X)<n feQy

K be a set of class labels. We often use discriminant functions

d(fy) (k=1,...,ne K) torepresent functiog(fy).

Definition 1 (Discriminant function). Functions d(f,) (k = Let a sample correlation matrix of cldsbeRy, and its eigenvalue
1,...,n € K) which measure the similarity between a class k anddecomposition is given as

unknown input pattern,fare called discriminant functions. The _ o Jd T
class label yf,) is obtained as Re= Z fof= Z‘AI (U @ uy), ()

feQy



where the operator & *) is Neumann-Shatten product defined by  d}(f,) = [IBcfl® (10)
3 . . - L .
(a®b)c = (c,b)a. Itis equivalent agb" in a real finite dimensional d2(f) = —Ilfx - B2 1)
space, however we use this notation consistently because we have
to deal with infinite space when we introduce the kernel method. N the case of CLAFIC method, these are equivalent. Eq. (11) shows

higher accuracy rate at an experiment in [28].
Theorem 1. Suppose that eigenvalug$! = 1,2,....d are sorted

in descending order in eq. (5). The solution of eq. (4) is a projection 5. Kernel sample space projection

matrix [17] [19][18] Here, we introduce the kernel sample projection classifier (KSP)
A _ to describe kernel subspace method systematically. All of kernel
P = Z(ulj( ® ”Ij()' 6) subspace methods can be interpreted as the extension of KSP.
o Let {f), f},.... f,} € Qi be a set of samples of clagsk(,-) be

The parametey is obtained using cumulative proportion. How- a Mercer kernel function, ant : R — # be a mapping led from

ever its accuracy is sensitive againstif » is too small, feature of the Mercer kernel function. At first, we introduce a kernel sample

a class cannot extract enough.plfs too large, overlap of classes space which is spanned by samples mapped to feature Epdast

decreases its accuracy. an operator

4. Relative Karhunen-Loeve Transform (RKLT) o
method Si= ) o(ff)es, (12)
j=1

A feature extraction operator of CLAFIC meth&dextracts fea- wheree; e R is a natural basis which has only one ‘1’ element

ture of a class. However if plural classes have similar feature, the, . i i
B fn j-th row and the rest elements are zero.®fff;) is a column
operator extracts both feature and they cannot be discriminated. LeLctor in a finite dimensional spacs, is a matrix expressed as
)

Y, be a set of sample which should be suppressed with respect o _ [D(f)) D(F])...D(f!
P = 1 DS

. R (o]
classk. Relative Karhunen-L&ve Transform (RKLT) method over- expressed aB(S;), whereR(A) denotes a range @

)]. A kernel sample space of classs
come this problem using following optimization problem [24] [25]: An operatorS'®() : RY — R so-called the empirical kernel

Definition 3. The operator of RKLT is defined as map [7]is reduced as

1Qil
B« = argmin » [If - XflP+a » [IXdl% ) So(f) = ) (e ® d(F))D(f
argmin fZQ gZ EORDYCEETG

19

wherea is a parameter which control thefect of the second term. Z@(f) ()

> PU)7E

The first term of eq. (7) is the same as CLAFIC method. The sec- = _ _ _
— | | i T

ond term suppresses the feature of other classes. RKLT is equivalent = (k(f, ) k(f, ) ... k(T, f5,))" (13
to CLAFIC whene = 0, and equivalent to reduced rank Wiener fil- \yhereA* denotes the adjoint operator Af

ter whena = 1 andf, g have no cross correlation [40]. A (kernel) Gram matriXs, is defined as

Theorem 2. Let R = Y (f ® T), Qc = Tgew, (9® 7). A" denotes KL E) o (L )

a Moore-Penrose generalized inverse of the operator A[41]. Sup- Ks = S'S, = . . . (14)
i =i = : - :

pose that eigenvalue decomposition pffR + Qx)'Ry is expressed

k(fL L) ... k(fL,fL).
as (fioy» f1) (fos foy)
d B Definition 4 (Kernel sample projection[37][36]). The discrimi-
Re(Re + Q)R = Z AUl @ ub), (8) nant function of KSP is expressed as
=1
. - 2 _(g* for
and ¥ is sorted in descending order. Then the solution of RKLT is d () = [IPxs) (FII" = (S{D(Ty). Kg ST @), (19)
given as where Rys) = Si K; S;" is an orthogonal projector onto kernel sam-
S . ple spacer(S)).
Bc= ) (K@ WRR+ Q' +W(I - R+ QR+Q)"),  (9)
i=1 Thus the similarity between clagsand unknown input pattefy
where W is an arbitrary matrix and | is an identity matrix. is measured by the projection norm onto the kernel sample space
Note that if is full rank matrix, th dterm | RS
i i rank matrix nd term is zero. ) .
ote thatif R+ Q) is fullra airix, tne second term 1s zero In order to extend KSP, we redefine the feature extraction opera-
Since the feature extraction operator of RKBJ is not orthogo- tor of KSP:

nal projector, there are two kinds of discriminant functions:



Definition 5 (Kernel sample space projection). The operator of [IAX]
( ple space projection). The op Al = SUp ' = sup]|AX|. (18)

KSP is defined by following optimization problem. o X =1
1 If the operator norm of a feature extraction operator is large, small
in: JX] == > lId(f) - Xd()|? . e .
min - [Xi ] i (16) amount of components which have the specific direction dominate
€Qj ..
subjectto: A(X) o R(S)*, the value of the feature. Then the decision boundary become com-
plex and the over-fitting problem appears. However, since it is dif-

where N (A) denotes the null space of A ahdlenotes an orthogo- ficult to suppress the operator norm in eq. (16), we use Frobenius

nal complement space. norm defined bylAllr = VIr(AA) < ||Allub instead of using opera-

The constraint means that components which is not in samples afg" "orm-

projected to the kernel sample spacedyActually, inthe CLAFIC  Definition 7 (Regularized KSP [39] [38] ). Regularized KSP is de-

or RKLT methods are also needed this constraint. However in alfined as the solution of following optimization problem:

most cases, since samples span whole space, this constraint has no ) 1 , ,
min:  J[X] = = > IO(F) = Xd(FIP + ellX|12

effect. % Qi £ (19)

. ) o subjectto: N(X) > R(S)*,
Proposition 1. The solution of the optimization problem (16)

equals to Ry, wheree > 0 is a regularization parameter which controls strength
-
of regularization.

Proposition 1 can be proved from results of the Appendix easily. . ) ) .
Theorem 3 (Solution of regularized KSP). The solution of opti-

6. Regularization of KSP mization problem (19) is

KSP method can classify all train samples correctly if the ker- Presy = Si(Ks, +ul) 'S}, (20)
nel Gram matrixKs, is not singular. If we use mappin® that  where u= €[Q;|.

maps to an infinite functional space, e.g., Gaussian kernel function L . .
The proof of the theorem is in Appendix. We call regularized

. . ) KSP just KSP from now.
nonsingular unless the same samples exist. However, since there are
6.3 Toy example

Here, we show a toy example in order to show tliiea of

k(fy, f2) = exp(=|/fy — f,][?/c), kernel Gram matrixs; is always

noisy samples or outliers in a sample set, the generalization error is

large because of the over-fitting problem. In order to avoid the over- o . -
regularization. Figure 1 shows the problem. Training vectors are

fitting problem, we can introduce the regularization technique, 9500 two dimensional vectors generated by uniform distribution in

soft margin techniques for the SVM or the Ada-Boost [42], weight L . .
g q [42] g [0,500] x [0,500]. Actual decision boundaries which are concen-

decay parameter for the neural networks [43], or the ridge regres-. . . ) S
tric circles shown in the figure discriminate samples to two classes

sion. In a field of the linear inverse problems, the regularization has . L
shown by red circles and green crosses. The objective is the recon-

been discussed for long time. The truncated singular decomposition . . )
structing the decision boundaries from samples.

(TSVD) and Tikhonov regularization are major techniques of the
regularization [44][45] [46] [47].
2.502

6.1 Kernel principal component analysis
P P P ¥ u = 0 or the rank of KPCA is maximum, decision boundary is com-

KPCA can be interpreted as KSP introduced TSVD. We charac- . -
plex, but all train samples can be classified correctly. On the other

Results are shown in Figure 2. We used Gaussian kernel function
k(x,y) = exp(—w). In the case that regularization is not used i.e.,

terize its operator by an optimization problem. . - .
P y P P hand, in the case that= 1 or rank equals to 20, decision boundaries

Definition 6 (KPCA[9][10]). The operator of KPCA is defined by are smooth, but some train samples are misclassified. GE denotes

following optimization problem. generalization error measured by percentage of pixels which are out
1 of the actual decision boundary because samples are distributed uni-
in: 1=—= ) — X o(f)|? ; ot
min : J[X] oY Z lo(f) — X a7 formly. In both KPCA and KSP, applicable regularization decrease
feQ

subjectto: A(X) > R(S)*, rank(X) < n the generalization error even if some training samples are misclas-

sified.
6.2 Regularized KSP

Another major regularization technique is Tikhonov regulariza- 7. Suppression of the ffect of other classes

tion which is used in ridge regression in the area of the multivari- KSP and KPCA can be extended like RKLT. Let
ate analysis[45][44]. The over-fitting problem is caused by ill- il il

condition of a feature extraction operator. One of the measure of Ui = ), ©(f)) 88 + > (d) ® &a k. (1)
" . . j= k=
the condition of operator is an operator (or a spectral) norm which = !

is defined by Then definitions of Kernel RKLT and Suppressed KSP is given as

follows.



Rank=50, GE=11.47%
< 3

KSPu =0, GE=14.62% 1 =01, GE=11.78% u=1 GE12.44%
Figure 2 Results of toy example problem; Upper column: KPCA, Lower column: KSP. Blue line
denotes estimated decision boundary and base color shows the value of feature. GE is gener-

alization error i.e., percentage of pixels which are out of the actual decision boundary because
samples are distributed uniformly.

= 1
e ¥ odH o o + min: J[X]=— ) [O(f) = X&(f)|]?
A i J[X] mé (f) = X(f)
1001 ° oi" Ea ++°o o TN a I
M e e T D IXD@IP + X (23)
. o Qe Vil &
oy o e o N A ot
wf T T80T 0 e T, subjectto: N (X) D R(U;)*,
Y A L N Theorem 4 (Solution of KRKLT). We omit an index i which de-
+ + o + o g@o
400) o + 4" o ’:( . . . I 0
. °80 0 o . notes class label to simplify expression. Igt= e Q"T'],
RSt ST S £ Owiar O
. . . : Tl Oap 12 :
Figure 1 Train vectors of toy example problem: 200 train vectors are uni-A = — , Ky =U*U, A= KU/ Ao/, and y be i-th
formly distributed. Actual decision boundaries are concentric cir- Orvicy w1
cles. eigen vector of AA, where suppose that corresponding eigenval-
ues are sorted in descending order. Then one of the solutions of the
Definition 8 (Kernel RKLT (KRKLT), Kernel RPCA (KRPCA) optimization problem (22) is given as
[35][33][34]). KRKLT is defined by the solution of following opti- U]
KRPCA _ 1/2y+ o T VALt
mization problem: X =U(K) Ag(v. BWATK U™ (24)
min: J[X] = & Z lo(f) — X D(f)I? Proposition 2. If Ky is nonsingular, XRPCAis a projector.
Xi i
feQ;
+% Z IXP(g)I? (22) The proofs of these theorem and proposition appear in Appendix.
i gevi
subject to:  N(X) > R(Uj)*, rank(X) < n, Theorem 5 (Solution of SKSP). The solution of the optimization

. . . problem (23) is given as
wherea is a parameter which controls the strength of suppression.

. . . IS%(S) = UAO(KU +ﬂA_2)_1U*' (25)
Definition 9 (Suppressed KSP (SKSP) [39] [38]) SKSP is defined

by the solution of following optimization problem: Proposition 3. If Ky is nonsingular angk = 0, Is‘;{(s) is a projector

ontoR(S)).

Proposition 4. If Ky is nonsingular and: = 0, we have



lems and consist of 100 or 20 realizations.

> Pruy@(fx)
P D(f2) R(U;) = R(S ) ®R(T)) We use Gaussian kernel function as a kernel function. The pa-
oo / rameter of kernel function and the regularization is fixed for all sets.

T P () . .
i _ If there are identical samples, we added only one of them to learning

set. We use all samples in the other class#psince the learning

R(S ) .
set is not large.

The mean test error rates and their standard deviations are de-

R(T;) scribed in Table 4. The results except for KSP and SKSP are re-

ferred from the papers above.
Figure 3 Suppressed kernel sample space projection

. . e Table 4 Mean test error rates and their standards deviations (AB Reg: Reg-
Table 3 Results of the handwritten digits classification problem

ularized AdaBoost, KFD: kernel fisher discriminant). The best

Method Parameter Error rate[%)] . . ] . .
- - method is written in bold face and the second best is emphasized.
KSP with Polynomial kernel d=8 2.29
KSP with Gaussian kernel o=7 2.25 dataset SKSP KSP AB Reg SVM KFD

) ) Banana | 10.4+0.5| 10.4+0.5| 10.9+0.4| 11.5+0.7 | 10.8£0.5
KPCA with Polynomial kerne| d = 7, rank= 460 2.36 Breast-cancet 26.0+ 4.6 | 29.7+ 4.5 | 265+ 45| 260+ 4.7 | 245+ 4.6
KPCA with Gaussian kernel| o = 10,rank= 500 2.32 Diabetis | 23.0+ 16| 24.5+1.9| 23.8+ 1.8 | 235+ 1.73| 23.2+ 1.6
SKSP with Gaussian kernel oc=8 1.79 Flare-solar | 37.2+4.5|39.1+2.4 | 34.2+2.2| 324:x18|33.2+1.7
3-NN - 2.4 German | 23.4+21|313+25|24.7£24| 23.6x2.1]|23.7£2.2
Polynomial SVM d=4 11 Heart 15.8+3.1| 15.4= 3.3 | 165+ 3.5| 16.0+3.3| 16.1+ 3.4
Image 28+04| 29+05| 27+0.6 3.0+06| 4.8+0.6
B B Ringnorm 18.0+2.3|19.9+1.8| 1.6+0.1 1.7+0.1| 15+01
Prs)Pru) = P (26) Splice | 11.2+0.7|12.6+0.7| 95+0.7| 10.940.7 | 10.5+ 0.6
~ ~ Thyroid 40+23| 42+23| 46+x22| 48:22| 42:21
PR(U)P%(S) - p;‘(s)’ @7 Titanic | 29.4+ 10.3| 28.3+ 9.4 | 22.6+1.2| 22.4+1.0|23.3+2.1
where HQ(U) is the orthogonal projector ontﬁ(U). Twonorm 24+0.1| 23+01| 27+0.2 3.0+0.2| 26+0.2
Waveform 9.6+04|11.2+0.6| 9.8+0.8| 9.9:+04| 9.9:04
Proposition 5. If Ky is nonsingular and: = 0, I5;’€(S)v = Ofor all # of bold 5 3 2 2 2
v e R(T), where T= 3¥!, d(ge) ® &. # of emph. 4 ! 3 2 3

The proofs of these theorem and propositions appear in Ap- Consequently, SKSP classifier shows the lowest error rates
pendix.

We show the sketch of SKSP in Fig. 3. From Propositions 3
4, and 5,I5;‘€(S)®(fx) can be considered as follows. At firsb(fy)

is orthogonally projected ontg(U), then it is projected ont®(S)

among those methods in many problems, and SKSP outperformed
'KSP in most of problems. We can say SKSP can suppressiéw e
of features in the other class, and can extract important features.

alongR(T). The similarity betweerf, andQ against¥ is given as 9. Discussion

IPr®(Fll. If ¥ = ¢, Pr) = Pres). Thus SKSP is an extension 9.1 Comparison of Regularization

of KSP. As mentioned above, KPCA and KRPCA use the TSVD, and
8. Computational Simulation KSP and SKSP use the Tikhonov regularization. We summarize

) o - the diference between the TSVD and the Tikhonov regularization
8.1 Handwritten digits classification

o - in Table 5.
In order to compare abilities of kernel subspace classifiers, we
used a handwritten digit database ‘MNIST’ provided by the U.S. Table 5 Comparison of regularization
National Institute of Standard and Technology. It is consisted by TSVD | Tikhonov
. . P t Di te| Conti
60,000 characters for training and 10,000 characters for testing. a-rame il - iscrete) -ontinuous
Each ch is 28x28 pixel d 256 i Computational complexity
ach character is 28x28 pixels an gray scale image. in classification stage | Low High
We show the classification error rate with the parameters which Computational complexity
show the lowest error rate in Table 3. The results of the 3-NN (3- in constructing stage | High Low
Nearest Neighborhood) and the Polynomial SVM is referred from Additive Learning A O

[48] and [5] respectively.

8.2 Binary classification problem Parameters of KPCA and KRPCA is a rank of the operator. If the

We employ several practical data sets used in[42], [11] anc?’mmber of samples are finite, the rank of the operator is discrete.
[49F 1. All the data sets we use here are binary classification prob-

0 *11J All the data sets are downloaded from ‘http://ida.first.fraunhofer.derojectgbenchibenchmarks.htm’.



While regularization parameters of KSP and SKSP is continuous. 23

If the problem is sensitive against these parameter, the Tikhonov 2.25
regularization is better to control the degree of regularization. For :é
example, if samples are quite few, since the ranks of KPCA or KR- T 21
PCA equal to the number of samples, it ishidult to control the g 206 -
degree of the regularization. g 1.9§
Since KPCA and KRPCA can reduce the rank of operator, com- 19
putational complexity in classification stage is lower than Tikhonov 1'182
methods. While computational complexity of KPCA and KPCA 175

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
n

in constructing stage is high because KPCA and KRPCA require
eigenvalue decomposition in constructing stage. KSP and SKSP rﬁgure 4 Error rate of SKSP: vertical axis: error rate [%], hirizontal axis:

quire the inverse operation which is lower computational complex- number of suppression samples

ity than the eigenvalue decomposition.

We can apply additive learning to KSP and SKSP easily by USinga/vhich projection norms are large are includedin For example

Sherman-Morrison-Woodbury formula and its extension [50]. . o .
we can use following criterion to choose suppression set:

Proposition 6 (Additive learning of KSP). Let {fy,..., fn, fne1)
be samples, S YN, o(f) ® &, S’ = LN o(f;) ® €, where eand
€ are natural basis irR" andRN** respectively. Suppose that an wherePxs,) is an operator of KSP. In this case, samples which have
inverse matrix of kernel Gram matrix of SgK: (S*S)~tis known larget should be used.

and new sampleyf; is given. Then an inverse of new kernel Gram  Unlike KSP and KPCA which are orthogonal projectors, SKSP

t(g1) = lIPres) @)1 (29)

matrix K! is given as and KRPCA are not orthogonal projector. Thus there are two kinds
of discriminant function:
Kt o] 1
Ke'=| } -t (28)
o0 T di(f) = IXO(FIP (30)
where da(fa) = 110(f,) - XO(f . (31)
-lgx*
= Ks'S q)(fN*l)} Figure 4 shows the relation between error rates of handwritten digit
-1 classification problem and the number of suppression samples. ‘1’
T = K(fo, fuin) = (S"@(fisa). Ks'S™ @(fia))- and ‘2’ mean eq. (30) and eg. (31) respectively. Suppressing sam-

Furthermore we can introduce the Gaussian elimination to solv@!€S are chosen by the criterion (29).
an inverse operation. The computational complexity of Gaussian From the figure, when the number of suppression samples is
elimination is extremely low. However we cannot store the inversesMall, discriminant function (31) shows better accuracy. While

matrix. Thus it is useful in the case that the number of classificatiof'nen the number of suppression samples is large, discriminant

is low e.g., cross validation or leave one out. function (30) shows better accuracy. However there is no theoretical

9.2 Suppression of other classedfects evidence that which is better.

From the computational simulations and experiments in[35], 9-3 Comparison with other classification method

SKSP and KRPCA show higher accuracy rate than KSP and KPCA. The remarkable dierence between SKSP and SVM or KFD is
Thus suppression offiects of other classes improves the accuracythat SKSP is a quadratic discriminant function, while SVM and
rate. However suppression increases computational complexity siKFD are linear discriminant functions in the feature space. In the
multaneously. Using Sherman-Morrison-Woodbury formula, SKSpease of classification in the input space (not using a kernel method),
requires inverse operations |6 x |Q| matrix and|¥| x [¥| matrix, ~ 9enerally quadratic classifiers shows higher performance than lin-

and several matrix products. ear ones, because quadratic classifiers have more degree of free-

SKSP and KRPCA dier from ordinary binary classifiers e.g., dom than linear ones. Thus if they are extended by kernel meth-
SVM or Fisher discriminant, in that they not need to use all sample€ds, quadratic discriminants will show higher performance in fea-
of other classes because KSP and KPCA can extract feature of oth$f® Space.
classes itself. In actual problems, KSP and KPCA can extract the N SVM, a separating hyperplane is determined by a few sam-
almost enough features. Thus we do not have to use all samples BfeS called support vectors (SVs). The separating hyperplane de-
other classes. Only samples which are similaftdave to be in-  Pends only on samples around boundary and does not depend on
cluded in¥;. Since the similarity of an input vector is evaluated by other samples or its distribution. If there are noisy samples or out-
the projection norm ont®(S;) in KSP, it suficient that samples of liers in learning samples, a separating hyperplane is deteriorated by



them because they become SVs in high probability. Thus SVM is [2]
not robust fundamentally, even if the regularizing methods e.g. soft .
margin ([5]) orv-SVM ([51]) are used.

In general, a classifier has tradé ®etween robustness and [4]
sparseness about the number of samples. The computational cost
of SVM in recognition stage is low because its solution is sparse. |5
Let k ands be computational costs of calculating a kernel function
and a multiplication respectively. LétandLsy be the number of [6]
learning samples and SVs respectively. Then main computational

cost in recognition stage are given as (7]

SVM : (k+ S)Ls\/
KFD : (k+ s)L [8]
SKSP :sl?+ (k+ 9)L. [9]

Note that generallys < k andLsy < L. Only SKSP has a 2nd-
order term with respect th, because it is a quadratic discriminant [10]
in feature space. But as mentioned above, all samples belonging to
other classes do not have to be included. Thus we can dedrease
and computational cost. [11]
In learning stage, SVM costs a lot of time because it requires to
solve a quadratic optimization problem. KFD also requires to solve
it ([52]). On the other hand the solution of SKSP is given as a closed!2]
form with an inverse operation and multiplications. Moreover as
stated above, all samples belonging to other classes do not have
to be used. The calculation steps for inverse of matrices and mullt3!
tiplication areO(L%). Generally, inverse problems are easier than [14]
quadratic optimization problems. Thus the computational cost of
KSP or SKSP is lower than SVM in learning stage. [15]
Moreover in the case that there are a large number of leaning sanyi 6]
ples, we can introduce “multi-templates method” to SKSP or KSP
easily, because they are not a two-class classifier. In multi-templateﬁn
method, sub-classes in a class is prepared and an input vector is clas-
sified to a sub-class. It is no use for two-class classifiers (e.g. svm1isl
or KFD) to realize this method, because they require to use all sam-
ples of all classes. [19]

10. Conclusion [20]

We exposited a family of kernel subspace classifiers and their ex-
tensions. They show adequate performance in computational simLE;}
lations. Especially in the case of multi-class classification problems,
they will be useful because it is high computational complexity to [23]
construct binary classifiers.

However there are still open problems that are how to obtain thg24]
parameter, how to choose suppression samples, and discriminant
function of SKSP or KRPCA. [25]

This works have been suppoted by JSPS Grand-in-Aid for Scien-
tific Research 18300057. [26]
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Note thatU*®(f) andU*®(g;) are thes-th and (| + t)-th column

of Ky, respectively. LeD = A2, ThenJ is expressed as
1
J = @tr[Kqu - 2(Kqu)*AKuA0 + (Kqu)*A* KuAKqu]
1
+mtr[( KU Ao)*A* KU AKU Ao] + ﬂtr[A* KU AKu]

1 2
= tr[@Kqu - ﬁAOKUAKUAO

+KUA KYAK D™ + A Ky AKy], (37)

sinceAg = Ay, D* = D andK;, = Ky.
(i) Solution of KRPCA
Whenu = 0, Jis reduced to

J tr[(AKU A" — AA()) Ky (AKuA - AoA)] +y

IKY2(AKGA — AoA)IZ + v,

wherey is a term which is independent frody Kllj/2 is a square
root matrix ofKy. Let singular value decomposition Kf/*AoA is

given as

KY2AoA = Zy: Vai(u ® ). (38)
i=1

Then if a rank ofK}/?’A"1Ky A" is less tham, J is minimum when

KY2AKyA = Zﬂ: VAU ® V). (39)
i=1

U= KE2AoA)V;, one of the solutions is given as

1
2(

A = (KVATKE?A0A Zv“(vi ®WATK],
X = UAU” -
= UK/?)'KE A0 i(vi ® MAK,U” (40)
i=1
(i) Solution of SKSP
The variation of] with respect toA in eq.(37) is given as

83 = tr[Ku(SA) KyAKy D™ + Ky A'Ky (SA)Ky D

2
—@A()KU ((sA)KuAO + /J(6A)* KyuAKy + /l((SA) Ku A Ku]

N 1
tr[(6A)* (KuAKy DKy — a KuAoKy + uKyAKy)

+(6A)(Ky D Ky AKy — EllKUAOKU + UKy AKy)]

2tr[(SA)* (Ky AKy DKy — EllKUAoKU + uKy AKy L)

J is minimum when
o 1
KuA(Ky + uD)D 1Ky = @KUAOKU. (42)
In the case oft > 0, from Lemma 1,

AKy +uD)D?

1 i F T i
@KU KquKU KU +W - KU KUwKuKU

. 1 .
W+ KGKu(@Ao—W)KU KLIJ, (43)

whereW is arbitrary operator. L&V’ = W — L A, it follows that

1

<= 1 .
A(Ky +uD)D™? = @A0+W’ - K{ KuWKyK]).

Then we have

1 ~ ~ ~ ~
A= @AOD(KU +uD)t+ WD(Ky + uD)?

—K{ KuW Ky K D(Ky +uD)™. (44)

SinceﬁAof) = Ag, X which minimizesJ is given as

X = UAU”

UAo(Ky + D) *U* + UWD(Ky + uD)*U*
UK KyW'Ky K D(Ky +puD)U".

SinceKy = U*U, R(Ky) = R(U*). Then we have

KuKjU® = U,

UKKy = U.

Itis clear that

U*(UDU* + ul) = (U U + uD)D1U”,

so that

(Ky +uD)U* = DU UDU* + ul)™. (45)

) ] __ Then we have
Since Lamma 1, and a property of singular value decomposition,

KuK{ D(Ky +uD)*U* = KyK[U*(UDU" +pul)™?

U*(UD U + pul)?

6(KU + ,u|5)71U*

Hence, eq.(45) yields that

X = UAg(Ky + uD)tU*

+UWD(Ky + uD)*U* — UWD(Ky + uD)*U*

UAo(Ky + uDytu™. (46)

In the case oft = 0, if Ky is nonsingular, eq.(42) yields

AoK{h, 47
UAK;'U™. (48)

Proof of Proposition 2
An operator A is a projector if and only #A = A. Since eq. (40),

XX

UAU"UAU"
UAKyAU™.

If Ky is nonsingular,

n
XX = UAoA ) (v @ A KGKyU*
i=1
UAU" = X.



Proof of Proposition 3
If Ky is nonsingular ang = 0,

ﬁ;(s)ﬁ;(s) = UAKF U UAGKGU”

UAK;'U” = Py,

Proof of Proposition 4
If Ky is nonsingular ang = 0,

IS{/JQ(S)PR(U) = UAoK(JlU*U Kalu* = UAOK(JlU* = P{IJR(S)’

Pru)Prs) = UKGHU UAGKGU" = UAGKG'U* = Pyo .
Proof of Proposition 5
If Ky is nonsingular ang = 0, sinceR(T) = R(UT)

PreoUT = UAKG'UUT = UA,T =0.



